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Abstrat
An Ising model for damage spreading with a probability of damage healing (q = 1 − p) is proposed and
studied by means of Monte Carlo simulations. In the limit p→ 1 the new model is mapped to the standard Ising
model. It is found that, for temperatures above the Onsager ritial temperature (TC), there exist a no trivial
nite value of p that sets the ritial point (pc) for the onset of damage spreading. It is found that pc depends
on T , dening a ritial urve at the border between damage spreading and damage healing. Transitions along
suh urve are found to belong to the universality lass of direted perolation. The phase diagram of the model
is also evaluated showing that for large T one has pc ∝ (T − TC)
α
, with α = 1. Within the phase where the
damage remains ative, the stationary value of the damage depends lineally on both p− pc and T − TC .
Keywords: Damage propagation in magneti materials, Stohasti proesses, Monte Carlo numerial simulations.
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I. Introdution
The damage spreading method has been widely used to study the ritial properties of Ising-like systems [1, 2, 3,
4, 5, 6, 7, 8℄ as well as to spin glass [9, 10℄. The method is based on the synhronous Monte Carlo update of two
distint spin ongurations that are evolving from an almost idential initial state [11℄. Sine the Ising model laks
of an intrinsi dynami, it has to be hosen a partiular one. Among others, the more frequently used are Glauber
and heat-bath dynamis. In ontrast to usual statistial Monte Carlo studies, damage spreading results depends
on the used dynami [11℄. This behavior has been used to evaluate the dynamial exponent z of the 2D and 3D
Ising models with dierent dynamis [3, 12, 13℄. Also, very reently, it has been shown that damage spreading is
a powerful and useful tehnique for the numerial study of the role of the interfaes between magneti domains on
the propagation of perturbations in magneti materials [14, 15℄. Within this ontext, we have reported that the
presene of interfaes at as a atalyst of the damage in at least two dierent ways: speeding up the propagation
and ausing an enhanement of the total damaged area [14, 15℄.
The basi idea for the implementation of the damage spreading method [11℄ is to start from an equilibrium
onguration of the system at temperature T , whih is generially alled SA(T ). Subsequently, a very small
perturbation is applied to that onguration in order to obtain a new one, i.e. the so alled perturbed onguration
SB(T ). Usually the perturbed onguration is obtained by ipping a small number of spins of the unperturbed
onguration. Then one has to study the time evolution of the perturbation in order to investigate under whih
onditions suh a small perturbation will grow up indenitely or eventually (hopefully) it will vanish and beome
healed. In order to follow the time evolution of the perturbation an useful method is to measure the Hamming
distane or damage between the unperturbed and the perturbed ongurations. The total damage D(t) is dened
as the fration of spins with dierent orientations, that is
D(t) =
1
2N
N∑
l
∣∣SAl (t, T )− SBl (t, T )]∣∣ , (1)
where the summation runs over the total number of spins N and the index l (1 ≤ l ≤ N) is the label that identies
the spins of the ongurations. Starting from a vanishing small perturbation D(t = 0) → 0 one an expets at
least two senarios, namely: a) D(t → ∞) → 0 and the perturbation is irrelevant beause it beome healed and
b) D(t → ∞) goes to some well dened nite value. In the latter, frequently undesired ase, the perturbation is
relevant beause it an not be healed out. For further details see the review [11℄.
The aim of this work is propose and study a model for damage spreading with damage healing, whih is based in
the two dimensional (2D) Ising model. It is well known that the 2D Ising magnet undergoes a seond-order order-
disorder transition when the temperature is raised from a relatively low initial value. The loation of the ritial
point is know exatly and it is given by the so alled Onsager ritial temperature
kTC
J
= 2.269.... Aording to
previous studies of damage spreading using Glauber dynamis it is known that there is a ritial damage temperature
given by TD ∼= 0.992TC [16, 17℄, suh as for T > TD the damage spreads out over the whole sample while for T < TD
the damage beomes healed after some nite time. Consequently, the proposed model, that inorporates a healing
probability, is suitable for the study of damage spreading above TD, as well as to gain insight on the robustness of
the damage behavior in the Ising model.
The manusript is organized as follows: in Setion II we propose the model and desribe the numerial proedure
for the simulation of damage spreading. Setion III is devoted to the presentation and disussion of the results,
while our onlusions are stated in Setion IV.
II. A Model for Damage Spreading with Healing and the Monte Carlo
Simulation Method.
The model is based on the 2D ferromagneti Ising model, whih for a square lattie of side L an be desribed by
the following Hamiltonian H :
H = −J
L,L∑
<ij,mn>
σijσmn (2)
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where σij is the spin variable, orresponding to the site of oordinates (i, j), that may assume two dierent values,
namely σij = ±1, J > 0 is the oupling onstant of the ferromagnet and the summation of (2) runs over all the
nearest-neighbor pairs of spins.
For the purpose of the simulations, periodi boundary onditions are always used. Furthermore, we have used
the Glauber dynamis. In order to implement this dynami a randomly seleted spin is ipped with probability
p(flip) given by:
p(flip) =
exp(−β · △H)
1 + exp(−β · △H)
(3)
where △H is the dierene between the energy of the would-be new onguration and the old onguration, and
β = 1/kT is the usual Boltzmann fator. The temperature is measured in units of the Onsager ritial temperature
of the 2D Ising model.
In order to study the time evolution of the damage spreading a meaningful denition of the Monte Carlo time
step (ms) is neessary. For this purpose the standard denition is adopted aording to that during one ms all
L× L spins of the sample are ipped one, in the average.
For the pratial implementation of equation (1), rst an equilibrium onguration (say onguration SAe ) is
generated. For this purpose one starts from an initial onguration with all N = L × L spins oriented at random.
The appliation of the Glauber dynamis leads to the desired equilibrium onguration after 104ms. Subsequently,
a fully damaged replia SBe of suh onguration is reated, suh as S
B
e is the mirror image of S
A
e and onsequently
D(0) = 1. Of ourse, due to the spin ip symmetry, the replia onguration is also equilibrated.
In standard damage spreading studies, the standard Monte Carlo proedure is then applied to both ongura-
tions, where the same sites are randomly seleted and the same random numbers are used in both systems in order
to perform the updates. For the purpose of the proposed model we rst dene the healing probability q and we
used the same method but aording the following rules:
i) A sample site of oordinates (i, j) is seleted at random. Then,
iia) If SA(i, j) = SB(i, j), whih means that the seleted site is not damaged, the Glauber dynamis is followed
aording to the standard proedure [11℄. However,
iib) If SA(i, j) 6= SB(i, j), i.e. for a damaged site, a new random number h is generated and one proeeds as
follows:
iib1) If h < q, the damage is healed, so that one sets SA(i, j) = SB(i, j). However,
iib2. If h ≥ q, the standard dynamis is applied.
Aording to the dened rules and taking p = 1− q, one has that for p→ 0, the damage would beome healed
for all temperatures, while in the limit p→ 1, the usual damage spreading dynamis in the Ising model is reovered.
Using the above desribed proedure, we have followed the time evolution of the damageD(t), whih is evaluated
aording to equation (1), for dierent values of p, 1.1 ≤ T ≤ 50 and the lattie size 50 ≤ L ≤ 1000. Simulations
are stopped when the damage is healed, otherwise they are performed up to t = 65000 ms.
III. Results and disussion
Figure 1 shows log-log plots of D(t) versus t obtained at T = 2 for dierent values of p. It is found that: i) for p > pc
the damage beomes healed for nite times and the log-log plots of D(t) versus t exhibit a downward urvature. ii)
For p < pc the damage quikly propagates and the log-log plots of D(t) versus t show that the damage reahes a
stationary value. Finally, just at p = pc = 0.1895(5) the damage deays aording to a power law. So, the hange
of the urvature of the plots shown in gure 1 allows us to identify the ritial probability pc for damage spreading.
The straight line observed in gure 1 for pc suggests a power-law behavior given by
D(t) ∝ t−δ (4)
where δ is an exponent. The best t of the data gives δ = 0.450± 0.005. Similar plots obtained for T > TC (not
shown here for the sake of spae) exhibit the same behavior as that observed in gure 1 and the typial slope,
averaged within the range 2 ≤ T ≤ 50, is given by δ = 0.45± 0.01.
On the other hand, for p > pc gure 1 shows a fast deay of the damage. As suggested by the study of spreading
behavior [18℄, we proposed an exponential deay given by
3
D(t) ∝ exp(−t/τ) (5)
where τ is the harateristi time of deay.
In order to hek the saling Ansatz given by equation (5), gure 2 shows log-lineal plots of D(t) versus t
obtained for p > pc. The obtained straight lines for the long time behavior allow us to evaluate the dependene of
τ on p.
It is found that τ inreases when approahing the ritial probability. Furthermore, plots performed at dierent
temperatures (no shown here for the sake of spae) also exhibit the same behavior, independent of T . Again, using
the spreading formalism [18℄, the following power-law an be proposed
τ ∝ (p− pc)
−ν‖
(6)
where ν‖ is the orrelation length exponent for damage propagation along the time diretion. Figure 3 shows log-log
plots of τ versus p − pc obtained at dierent temperatures. The typial averaged value resulting from the ts is
given by ν‖ = 1.25(5).
It is worth mentioning that our estimations for the exponents, given by δ = 0.45(1) and ν‖ = 1.25(5) are in
agreement with the well known ritial exponents of the universality lass of Direted Perolation (DP), namely
δDP = 0.4505(10) [19℄ and νDP‖ = 1.295(6) [20℄. So, these results strongly suggest that the the proposed model of
damage spreading with damage healing belongs to the DP universality lass. This statement is further supported
by the fat that the limit p→ 1 orresponds to the well known Ising model where the damage spreading transition
is known to lie within the DP universality lass [16, 17℄.
On the other hand, as follows from gure 1, for p < pDc and after a short deay period (t ≈ 10
2
ms), the damage
beomes stabilized (or saturated) with typial average values Dsat that depend on p. This trend has been heked
by means of extensive simulations run up to t = 106 ms. Furthermore, we have also heked that the stationary
values of Dsat exhibit negligible nite-size eets for L ≥ 200. Figure 4 shows the dependene of Dsat on (p
D
c − p)
in a lineal-lineal plot. It follows that Dsat inreases lineally as a funtion of (p
D
c − p), and that the slope F (T )
depends on temperature. This assumption is valid only in the limit of p→ pDc . Aordingly, we propose
Dsat = D0 + F (T )(p
D
c − p), (7)
where D0 ≈ 0.05 is almost a onstant independent of T (see gure 4). The slope of the lines an be obtained by
tting the data of gure 4 and it is found that F (T ) also depends lineally with T (see gure 5) aording to
F (T ) = F0 +A
(
T − TC
TC
)
(8)
where F0 ≈ 0 and A ≈ 1.5 are also onstants.
So, by inserting equation (8) into equation (7), one obtains
Dsat = D0 +
(
F0 +A
T − TC
TC)
)
· (p− pDc ), (9)
that gives the full dependene of Dsat on both p and T . The saling plot suggested by equation (9) holds aeptably
as shown in gure 6.
Performing plots of the time evolution of the damage using dierent values of p (as shown in gure 1) and
hanging T , it is nally possible to evaluate the phase diagram of the model, i.e. a plot of pDc as a funtion of
(T −TC)/TC , as shown in gure 7. It is found that p
D
c → 0 for very large values of T , as expeted from the denition
of the model. For the asymptoti deay of pDc we propose
pDc ∝
(
T − TC
TC
)−α
(10)
where the best t of the data, within the range T ≫ 1.5TC ∼ 3.4J , gives α = 1 for the exponent of equation (10). It
is worth mentioning that, for the latties used in the simulations, the phase diagram exhibits negligible deviations
due to nite size eets, as shown in gure 7. On the other hand, lose to TC , it is observed that p
D
c reahes a
maximum value of the order of pDc ∼ 0.22 for T = 1.5TC ∼ 3.4J . We have arefully heked that this behavior,
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whih remains to be understood, is not due to the operation of nite size eets. Finally, let us remark that all
phase transitions at the ritial urve at the border between damage healing and damage spreading, shown in gure
7, belong to the universality lass of direted perolation.
IV. Conlusions
Based on the fat that in the 2D Ising model the damage is not healed above the ritial temperature, we proposed
a model that introdues a healing probability. It is found that for T > TC the damage beomes healed for ritial
values of p. The phase diagram of the model is obtained and it is shown that the transitions between states of
damage spreading and healing belong to the universality lass of direted perolation in (2 + 1)−dimensions. Our
results thus support the onjeture that damage spreading transitions are generially in the universality lass of
direted perolation [16℄, provided the fat that suh transitions do not oinide with the ritial point of the
undamaged system.
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Figure 1: Log-log plots of the damage (D(t)) versus time t. Data obtained using latties of side L = 400, for
T = 2.0TC and taking dierent values of p, as listed in the gure. The full line has slope −δ = −0.45 (see equation
(4) ).
6
20000 40000 60000
t (mcs)
10-5
10-4
10-3
10-2
10-1
D(t)
p=0.185
p=0.1895
p=0.190
p=0.191
p=0.192
p=0.196
Figure 2: Log-lineal plots of the damage (D(t)) versus t for data orresponding to p > pDc and obtained taken
L = 400 and T = 2.0TC.
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Figure 3: Log-log plot of harateristi time for damage healing τ , obtained by tting equation (5) to data as shown
in gure 2, versus p− pDc . Data obtained using latties of size L = 400 and dierent temperatures, as listed in the
gure. The dashed line, whih has slope ν‖ = 1.25, is the slope obtained averaging over all measured temperatures
and has been drawn for the sake of omparison.
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Figure 4: Lineal-lineal plots of Dsat versus p
D
c − p obtained for dierent values of T , as listed in the gure.
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Figure 5: Lineal-lineal plots of the slopes obtained by tting the data shown in gure 4 by means of equation (7)
given by F (T ), versus (T −TC)/TC . The straight line with slope A ≈ 1.5 was obtained by tting the data aording
to equation (8).
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Figure 6: Saling plot of Dsat aording to equation (9), obtained taking F0 = 0. More details in the text.
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Figure 7: Phase diagram for the proposed model for damage spreading with a probability of damage healing. The
full line has been drawn to guide the eyes. The dashed line orresponds to the t of the data for T ≫ 1.5TC and
has slope −α = −1.
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